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MOMENT  INEQUALITIES  FOR  REAL  AND  VECTOR  p-STABLE  STOCHASTIC  INTEGRALS 

.  2 

J.  Bosinski  and  W.A.  Uoyczynski 

University  of  North  Carolina  at  Chapel  Hill 

and 

Case  Western  Reserve  University 

1 .  Introduction. 

■  /  n 

4-e  the  irreseirt  paper -we-^te-fn- moment  inequalities  for  single  and 
double  stochastic  integrals  with  respect  to  p-stable  moti on .flection 
3).  The  proofs  are  based  on  4>ur  own  work  on  the  structure  of  sinqle 
and  multiple  p-stable  integral^  (cf.  [12],  [11]  and  [13])  which  is 

summarized  in  some  detail  TrTSiection  2,  and  on  the  work  of  R.F.  Bass 

.  <1  /  1 

and  M.  Cranston  [1]  o*  inequalities  for  moments  of  exit  times  of  a 

I '  p  f  ‘  .  b  »  •  '  " 

p-stable  moticrn.  TK^ir  results,  as  stated  in  [1],  do  not  apply 

A ,-  ■*  a  t*  •  r  j 

directly  to  the  situation  in  which  xttr  want  to  use  them,  in  particular, 
because  one  dimensional  processes  are  explicitly  excluded  there.  So, 
-wr-offer  the  needed  variation  of  their  result. in  Section  3  and,  for 
the  sake_of  completeness,  provide  its  full  proof  in  the  Appendix. 

In  Seetftm  4  we  propose  an  extension  of  the  theory  of  stochastic 
integration  with  respect  to  a  p-stable  motion,  to  the  case  when  the 
latter  takes  values  in  a  Banach  space,  f 

2 .  Single  and  double  p-stable  Integrals. 

Let  (fi.F.P)  be  a  probability  space  and  let  (Ft)t>g  he  a  riqht 
continuous,  increasing  family  of  p-complete  sub-o-fieTds  of  F.  Let 
0  <  p  <  2.  We  will  denote  by  (M(t) )t>Q  an  (F^)-p-stable  motion  i.e. 
an  (Ft)-adapted  process  with  M(0)*0,  sample  paths  a.s.  in  D[0,»)  and 

E{exp  [i A (M( t)  -  M(s))]|Fs)  =  exp  [-(t-s)|A|p] 


for  every  0  s  <_  t,  and  A  e 
F  such  that 

.  for 

F( t ,w)  * 


For  a  simple  (Ft)-adapted  process 


t=0 


(w) 


for  t^  <  t  <  t1+1,  1*0,1 , 


2  Research  supported  by  AFOSR  Grant  No.  F49620  82  C  0009 
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■r 


•iiil 


Li*..  fc.'.  1 


*•« 


the  stochastic  integral  is  defined  as  usual: 
ft  n-1 

F(s,u>)dM(s»u))  =  l  ♦i(u)(M(t..1,cO-M(t.fM))+4n(w)(M(t,.i.)-H(tn, 

0  i  =0 

if  t  <  t  <  t  n=0 ,1,2 .  Clearly,  the  above  integral  is  a 

n  —  —  n+ 1 

process  with  sample  paths  a.s.  in  D[0,<*>). 

DEFINITION  2.1.  An  (Ft)-adapted  measurable  process  F*( F( t ,w) ) t>Q 
is  said  to  be  M-integrable  if  there  exists  a  sequence  (Fn)  of  simple- 
(Ft)-adapted  processes  such  that  for  each  T  >  0: 

(i)  F  -*•  F  in  measure  dPdt  on  n  x  [0,T]  as  n  ■*  », 
n 

(ii)  /qF^M  converge  a.s.  uniformly  in  t  £  [0,T]  as  n  +  «, 

and  the  limiting  process  in  (ii)  does  not  depend  on  the  choice  of  a 

sequence  (F  )  satisfying  conditions  (i)  and  (ii).  This  limit  process 
n  ^ 

(with  sample  paths  a.s.  in  D[0,°°))  will  be  denoted  by  /« F(s)dM(s)  • 
t  >  0. 

THEOREM  2.1.  ([12])  The  process  F  is  M-integrable  if  and  only  if 
F  £  LP  i.e.  if 

Hid* 

P  {  fT  |  F(t.u')  !Pdt  <  -  )  *  1 
J0 

for  each  T  >  0. 

The  sufficiency  in  the  above  theorem  (which  also  follows  from  a 
general  result  of  0.  Kallenberg  [5]) is  obtained  by  means  of  a  pathwise 
construction  which  parallels  a  known  Brownian  integral  construction 
and  which  depends  on  the  following  inequality  for  simple  processes  F: 
there  exists  a  constant  c  =  c(p)  >  0  such  that  for  each  T  >  0 

c_1||F||p  T  <  sup  XPP  {sup  |  f  FdM |  >  X)  <  c | | F | | p  ,, 

P’'  “  X>0  t<T  ~  p*' 

where  j 

I  I F I  I p iT  *  E  j  IHs,w)|pds. 

0 

The  inequality  implies  that  the  mapping  F  ■*  / FdM  extends  to  an 
isomorphic  embedding  of  Lp(lp)  into  a  Lorentz  space  Ap(L°e).  The 
upper  estimate  was  obtained  by  E.  Ginfi  and  M.B.  Marcus  in  [4], 


The  proof  of  necessity  uses  device  of  the  inner  clock  for  p-stable 
stochastic  integrals  the  usefulness  thereof  is  established  by  the 
fol lowing : 

THEOREM  2.2  ([12]).  Let  F  e  LP  be  such  that 
df  t  u 

x (u)  =  I  j  F 1  pdt  -*■  00  a  .  s  . 

0 


as  u  -*•  °°.  Then ,  if 


T~^(t)  =  inf  {  u:  t(u)  >  t)  and  A.  =  F  . 

*  t'1 (t) 


then  the  time-changed  stochastic  integral 

rT_1  ( t) 


M(t)  = 


F(s)dM(s) 


is  an  {A -p-stable  motion. 

The  above  theorem  can  also  be  used  to  establish  properties  of 
integrals  which  are  "pathwise  inherited"  from  the  properties  of 
p-stable  motion  itself.  For  example,  the  above  result  immediately 
yields  the  following  corollary  to  the  classical  Khinchine's  result 
on  the  local  behavior  of  processes  with  stationary  and  independent 
i ncrements : 


THEOREM  2.3  ([12]).  Let  F  be  as  in  Theorem  2.2  and  suppose  that 
<J> :  (0,»)  -*•  F+  is  such  that  t^P<j>(t)  is  increasing  and  1  1m^.^g<J)(  t)  =«>. 
Then  ^ 

[  F( s)dM(s)  =  o(T1/p(t)*(x(t)))  a . s . 

Jo 


as  t  -*■  0,  if  and  only  if 

1 

(  t~^4>~P(t)  dt  <  °° 


Theorem  2.1  Implies  that  the  necessary  and  sufficient  condition 
for  existence  of  the  double  Integral 


(2.1) 


fT(  f*  f ( s , t)dM( s ) ) d M ( t) 

Jo  Jo 


*.  '  •  ;  utility  Codes 
Avnil  and/or 
0 1 t  ;  Special 


□  □ 


2.2) 

where 


P{ 


| F( t) | pdt  <  *}  * 

0 


F(t) 


t 

f ( s , t) dM( s ) , 

0 


t  c  [0 , T]  . 


The  condition  (2.2)  is  equivalent  to  the  property  that  the  integral 
operator  T 

LP‘[0,T]3  *  -  j  f(s't)V5,t)*(t)  dt  4  LP[0,T], 


where  l/p'+l/p=l,  and  A  *  {(s,t):  0  <_  s  <  t  £  T),  is  Op-radoni fy i ng 
(or,  by  Kwapien-Maurey  Theory,  completely  summing)  (cf.  [7],  [3]). 
The  above  equivalence  follows,  in  particular,  from  the  following 
result  which  gives  a  natural  necessary  condition  for  f  to  satisfy 
(2.2).  Although  this  result  may  have  been  known  in  the  folklore, 
we  were  unable  to  locate  a  published  proof  of  it  and  decided  to 
provide  our  own  proof  below.  Proof  of  Thm  2.4  relies  on  Prop.  2.1. 


PROPOSITION  2.1 .  Let  T  be  a  measurable  space, 
measure  on  T,  and  let 


x(t) 


1 

f(t,s)dM(s)  , 

0 


t  e  T, 


U  be  a  definite 


be  a  p-stable  process,  where  f:  T  *  [0,1]-»F  is  a  jointly  measurable 
function.  Then  if 


then 


| X ( t) ) Py ( dt )  <  » 
T 


1 

0 


| f ( t , s ) |pu(dt) 
T 


ds  <  ®  . 


Proof.  Observe  that  Vq  <  p3  C  V  t^,...,t  «  T 

(2.3)  ([  ij  |f(t.,s)|pds)1/p<  C(E(1  I|X(t.)|p)q/p)1/q  . 

J  0  n  i *1  1  “  n  i  =  1  1 


Note,  that  (2.3)  Is  just  a  special  case  of  the  "stable-cotype-p 
inequality  (valid  in  an  arbitrary  Banach  space  E,  cf.  e.g.  [7], 


1  ^  1^ 

([  | | f (s) | 1 1  ds)1/p  <  C  (  E  |  |  (  f(s)dM(s) ! l|)1/q  , 

Jo  *■  _  Jo  1 


where  f  is  taken  to  be  as  follows: 


(2.4) 


f:  [0,1]  9  s  -  l  i  i  l  .  (u^t^s) 
i  =  l  [_7T*K3 


L  p [ ( 0 » 1 ) ,du]  =  E. 


Assume  initially  that  \i(T)  =  1,  and  define  (on  a  new  probability 
space  (Ojj.Pjj))  a  sequence  of  i.i.d.  random  variables  Up:  fiy  T , 
n=l,2,...,  such  that  L(Un)  «  y.  Then,  by  (2.3)  for  each  u)y  e  fiy 

c(Ex  C? 

(2.5)  >  t  f1  i  ?  |f(u1.s)|pds)1/p 

”  Jo  n  i=l  1 


•  (1  l  I  If (Uj ,.)  1  I 

"  i  =  l  1 


P 

LP((0,l),ds) 


1/P 


Now,  by  the  Kolmogorov's  Law  of  Large  Numbers,  for  each  w  such  that 
/ | X( t ,u) | pdy  ( t)  <  ®  we  get  that 


-  E, 


X(  U,  ,u)  |  P  =  |  X ( t , to )  |  Pdy  ( t )  <  - 

*  m 


i  i  ix(Uj,u>r 

1  =  1  Py-a.s.  ' J 

as  n  -*•  <*>.  By  Fubini's  Theorem,  for  Py-almost  all  uiy's 


1  l  |  X(  U  .  (w.,) , . )  j  P  -  f  |  X(  t)  |  Pdy  ( t)  P-a.s. 
n  i=l  1  u 


Since  for  any  p-stable  random  vectors  Y.Y^.Y^,...  with  values  in  a 
Banach  space  E,  and  any  q  <  p,  ||Yn)|^  -*•  ||Yjj^  in  P  if  and  only  if 
E 1 1 Y  1  |  £  -*  E||Y||^,  (cf.  [7],  Prop.  7.3.11)  we  can  use  the  same  idea 


as  in  (2.4)  to  obtain  that  Py-a.s. 


EX(F  ]  U(U.)|P)q/p  -  Ex( j^|X(t) Ipdp(t))q/P 


as  n  *♦  ®.  By  (2.5) 


supi  [  llf(»1,.)llpp 


(ds) 


Py-a  . s . , 


and  by  Kolmogorov's  Law  of  Large  Numbers 


■jJNfrt* 


<  00  . 


<  or. 


1 

(  (  |f (t,s) |pdsp(dt)  *  EU1 I f (Ui , . ) | | PD 
m  n  U  LP(ds) 


which  completes  the  proof  in  the  case  v{t)  =  1. 

Notice  now,  that  letting  n  -*■  ®  in  (2.5)  one  immediately  obtains 
the  inequality 


([  f  | f (t.s) j pdsu(dt) ) 
)t)q 


1 /P<C{ E( 


|X(t)|Pdp(t))q/P)1/q 


>  T 

*C(£ | | X( . )  ||Jp(T))1/q  <  » 


from  which  the  extension  to  o-finite  p's  follows.  Q.E.D. 


The  necessary  condition  for  a.s.  p-integrabil ity  of  sample  paths 
of  p-stable  processes  established  by  Proposition  2.1  is,  however, 
not  sufficient  and  the  following  result  gives  full  analytic  descrip¬ 
tion  of  kernels  f  which  have  the  property  (2.2): 


THEOREM  2.4.  [12].  Let  1  <_  p  <  2  and  let  the  parameter  set  T  be 
a  separable  metric  space  equipped  with  a  o-finite  Borel  measure  p. 
For  a  measurable  symmetric  p-stable  process 


X(t) 


1 

f ( s , t ) dM( s ) 


^0 


t  £  T , 


we  have  that 


P{  [  | X ( t ) | Pp(dt)  <  -}  «  1, 

>  T 

if  and  only  if 


df 

Ajf)  * 


jTj  0 


1  f  (  s ,  t )  | p  [  1  + 1  o  g+ 


| f ( s ,  t ) ( p  |f (s,t) iPp(dt)ds 


T>  0 


[1|f(s,t)|pds[  |f(s,t) Ipp(dt) 
Jn  Jr 


-]dsp(dt)  <  «*> 


The  proof  depends  on  the  following  two  facts: 

(i)  X ( t )  has  sample  paths  a.s.  In  Lp(7’,p)  if  and  only  if  the 
series  rjVj(t)  converges  a.s.  In  Lp(r,p),  where  (r^)  are 

Rademacher  r.v.'s  and  are  Independent  copies  of  a  process  V(t), 
t  c  T,  which  has  sample  paths  a.s.  In  a  sphere  of  Lp(r,p),  and  which 
has  finite  dimensional  distributions  completely  determined  by  f 


(cf  [12]  but  the  idea  really  goes  back  to  [8],  Remark  3.15); 
(ii)  for  i.i.d.  symmetric  r.v.'s  X ,  X-j ,  X,, ,  •  • . 


where  0  <  p  <  q,  and  c  =  c(p)  is  a  numerical  constant  (cf  [3]). 
COROLLARY  2.1  ([12]).  Let  1  <_  p  <  2 .  The  double  integral 

(  f(s,t)dM(s)dM(t)  , 

AJ 

A  *  {(s,t):  0  <  5  <  t  <  T), exists  if  and  only  if  Ap(fl^)  <  ®. 

For  f  constant  on  rectangles  the  double  integral  (2.1)  becomes  a 
random  quadratic  form 

Q2(a)  =  l  a  ( i ,  j  )  MM.  , 
i  <  j  J 

where  M^ ,  M2,...  are  i.i.d.  p-stable  random  variables,  and  one 
immediately  obtains  from  Corollary  2.1  the  following 

COROLLARY  2.2  ([3]).  Let  1  p  <  2 .  Q^(a)  converges  a.s.  if  and 
only  if 

I ,( i . j } 1 P 

l  |  a ( i .  j )  |p[l  +  log  - ]  <  ">  . 

i  <  j  i-1  _  ®  _ 

I  |a(l,j)|p  l  |  a  ( i ,  1 )  |  p 

1=1  1= j+1 


Although  we  don't  have  at  this  point  a  good  theory  of  n-tunle 
p-stable  integrals  for  n  _>  3,  the  theorem  below,  concerning  general 
multilinear  random  forms  may  be  considered  as  a  step  towards  such  a 
theory. 

THEOREM  2.5  ([13]).  Let  0  <  p  <  2.  Let  X.Xj.Xp,...  be  i.i.d. 
with  symmetric  distributions  such  that 


1 1m  xPP{ | X |  >x } 


c  >  0. 


<  oc 


Jf 

(k) 


N 


df 

(a)  =  l 


|a(i1.....ik)|p(l  +  log^_1  [a(i1. 


..ijr1) 


W* 


.  <  V 


then  the  sequence 

(k) 


0^  (a)  =  l 


i ^  1 2< • • • < i k£n 


a(  i i X.  ...X.  ,  n=l ,2, . . . , 
1  k  ^  ik 


converges  unconditionally  (i.e.  O''  (c a)  converges  for  all 


(k) 


e:  H K  ■+  {-1,1})  in  for  every  q<p  to  a  Q^^(a)  which ,  /or  all  x>0 


satisfies  the  following  inequality 

P{  |0(k) (a) |  >x]  <  D.  x’p(l  +  1  ogk_1  x)N^  (a  )  , 


where  D.  „  is  a  constant . 

k  ,p 


k ) 


The  proof  relies  on  the  tail  estimation  for  (r  '(a)  which  uses  the 


fact  that 


lim  xp(p  log  x)^"kP  |X-|-X2'...*Xkl>x)  *  cK/(k-l)! 


x-*® 


For  further  results  in  this  direction  see  a  recent  paper  by  W. 
Krakowiak  and  J,  Szulga  [6], 


3 .  Moment  inequalities  for  exit  times  of  stable  processes  and  for 
p-stable  stochastic  integrals. 

In  this  section  we  present  a  version  of  R.F.  Bass  and  M. 
Cranston's  [1]  inequalities  for  moments  of  exit  times  of  a  stable 
process  X  in  the  case  when  X  takes  values  in  a  separable  Banach  space 
E.  As  corollaries  we  also  obtain  moment  inequalities  for  single  and 
double  stochastic  integrals  with  respect  to  p-stable  motion. 

Recall  that  a  non-zero  E-valued  stochastic  process  X(t),  t  >  0, 
is  said  to  be  a  symmetric  p-stable  Levy  process,  0  <  p  <  2,  if 

(i)  X  has  independent  and  stationary  increments, 

(ii)  X(t)  -  X  ( s )  *  |t  -  s|^pX(l)  for  every  t,s  _>  0, 

(ill)  X(.,w)  e  0^[0,»)  and  X ( 0 )  *  0  a.s. 

The  characteristic  functional  of  X ( t )  can  be  written  in  the  form 


(3.1)  E  exp[ix*X(t)]  =  exp[-t  | x*x | pm( dx ) ] , 

where  m  is  a  unique,  finite,  symmetric  (i.e.  m(-B)  =  m(B)  for  every 

Bore!  set  B^U)  positive  measure  on  the  unit  sphere  U  of  E.  Such  an 

m  is  called  the  spectral  measure  of  X.  The  distribution  of  X ( t )  is 

infinitely  divisible  without  the  Gaussian  component  and  with  Levy 

measure  represented  in  polar  coordinates  as  tcpm(dx)dr/r1+p,  (r,x) 

(0,®)  »  U,  where  c  >  0  depends  only  on  p. 

P 

Let  X(t),  t  ^  0,  by  a  symmetric  p-stable  Levy  process  in  E  and 
let  fAt)t>0  be  a  r1*9bt  continuous  filtration  such  that  X(t)  is 

A^-measurabl e  and  o(X(u)-X(t))  is  independent  of  A^  for  every  u>t_>0 
We  will  say  that  a  continuous  function  4>:[0,»)  -*•  [0,<*=)  grows 
more  slowly  than  Xp,  p.->  0,  if  there  exist  constants  c,aQ  and  q  <  p 
such  that 

$  ( aX  )  f  caP4>  (  X  ) 

for  all  X  >  0  and  all  a  >  aQ. 

The  proof  of  the  following  version  of  a  theorem  of  R.F.  Bass  and  M. 
Cranston  [1]  is  supplied  in  the  Appendix. 

Theorem  3.1.  If  t  grows  wore  slowly  than  )P,  0  <  p  <  2,  then 
there  exist  positive  constants  C-j  and  c2  depending  only  on  p,c,Oq 
and  q  such  that  for  every  finite  {A ^-stopping  time  T 

ClE}(t1/P)  <  E4>  (  X*  (  t  -  ) )  <  E  (  X*(t)  )  <  c2EC(t1/p), 

where  X * ( t - )  =  sup  ||X{t)]|  and  X*(t)  ~  sup  ||X(t)||. 

t<T  t<T 

Define  now,  a  p-stable  process  starting  at  x  <  E  by  means  of  the 
formula 

Yx(t)  ■  x  +  X(t),  t  >  0,  x  c  E. 

Then,  with  the  help  of  Theorem  3.1,  one  can  obtain  the  followinn 

COROLLARY  3.1.  If  4>  grows  more  slowly  than  XP,  0  <  p  <  2,  then 
there  exist  positive  constants  dj  and  d2  depending  only  on  p,c,"»Q 
and  q  such  that  for  every  finite  (A -stopping  time  t  o. nd  x  <  E 


!  x  |  !P  +  T)1/p)<E$(Y*(T-))<E$(Y*(T))<d2Ei((  |  !  x  |  |P+t)1/p)  . 

Proof.  An  elementary  application  of  the  triangle  inequality 
fields  that 


j(X*(t)  4  |  |  X  I  ]  )  <  Y* ( T )  <  X* ( T  )  4  1  i  X  1  1  . 

Similar  inequality  holds  for  X*(t-)  and  Y*(-t-)-  Hence,  with  L'P 

- 1  x 

standing  for  the  inequalities  C  L  <  R  <  CL,  where  C  is  a  positive 
constant  depending  perhaps  on  p ,  c , Qq  ,  and  q,  we  have 

*(YJ(t)M(X*(t)  +  i  lx  I  |)  «  *|  |x,  j  (  x*(  T  )  ) 

where  $u(x)  =  $(>  +  u),  and  an  analogous  result  obtains  for  X*(t-) 
and  Y*(t-).  Since  ^  u  ( oi  X )  <_  caqCu(x)  for  all  X  >  0 ,  u  _>  0  and 
a  >  a0vl.  Theorem  3.1  gives  that 

E*nx||^1/P)-et||x|  |(X‘(T-)).E*||X)|(X*(T)) 
which  concludes  the  proof.  Q.E.D. 


We  shall  apply  now  the  above  theorem  to  obtain  moment  estimates 
for  stochastic  integrals. 

THEOREM  3.2.  Let  M(t)  be  a  real  (Ft)-p  -stable  motion  and  let 
F  e  LP  .  If  grows  more  slowlu  than  XP  then  there  exist  positive 

o.S. 

constants  t-j  and  C 2  depending  on  Ip  on  p,c,a^  and  q  such  that  for  cac> 


c,E$((  |  F  |  pd  t )  ^  P  )  <  EC(sup  |  F(s)dM(s)|) 

'0  t  <  u  Jo 


<  Et’lsup 
t<u 


F(s)dM(s)|)  <  c?E*(([V(t)|Pdt)1/p) 

n  J0 


Ti  ’ oof .  Since  u  is  fixed  here,  we  can  always  extend  F  in  such  a 

way  that 


(U 

(u)  « 

o 


F  I  pdt 


a .  s . 


» 


Therefore,  by  Theorem  2.2 


F(s)dM<s) 


X(t) 


.t'1  (t) 


is  an  (A^J-p-stabl e  motion,  where 


and 


(t) 


t'1 (t)  =  inf  { u :  t(u)>  t}  . 


Applying  Theorem  3.1  to  X(t)  and  t  =  t(u)  one  immediately  obtains 
our  result.  Q.E.D. 

Taking  f(s,t)  such  that  Ap(f)  <  *>  and  substituting  in  the  above 
Theorem  t 

F ( t )  =  f  f(s,t)dM(s) 

0 


one  immediately  obtains  from  Corollary  2.1  the  following  result: 


COROLLARY  3.3.  If  4>  grows  more  slowly  than  X*3  then  there  exist 
positive  constants  C-j  and  C2  depending  only  on  p,c,Qq  and  q  such  th : 
for  each  u  >  0 


u 

,  ( 

t 

( 

P  1/P] 

C.J  E$> 

< 

f (s  ,t)dM(s) 

dt) 

Jo' 

Jo 

V 

t 

<  EC> 

sup 

f(s,t)dM(s)dM(t) 

v<u 

0 

0 

<  CgE# 


u  1  ft 


( J  0  j  Jof(s,t)dM{s) 


p  1/p] 
dt) 


The  following  theorem  summarizes  recent  results  concerning  moment 
inequalities  for  double  p-stable  stochastic  integrals: 


THEOREM  3.3.  Let  1  <  q  <  p  jc  2.  Then  th  ere  exist  positive 
constants  , C^  and  C^  depending  only  on  p,q,  such  that 


c1(Ap(f))q/p 

ru 

-C2E[ln 


f ( s  ,t)dM( s) 


p  q/p 
dt] 


<  t 


u  t 

f  ' 

0  0 


<  E  sup 
v<u 


f(s,t)dM(s)dM(t) 


f (s,t)dM(s)dM(t) 


1  c3(Vf)) 


q/p 


The  proof  of  the  two  sided  estimate  between  the  first  and  second 
quantities  has  been  recently  obtained  by  J.  Rosinski  [10],  between 
the  second  and  third  quantities  by  T.  McConnell  and  M.  Taqqu  [9]. 

In  this  situation  Theorem  3.3  follows  directly  from  Corollary  3.3. 


4 .  Integration  with  respect  to  a  vector-valued  p-stable  motion. 

Let  X  be  a  symmetric  p-stable  Levy  process,  0  <  p  <  2,  with 
values  in  a  separable  Banach  space  E  (see  Section  3),  and  let 
<Ft}t>0  be  a  right  continuous  filtration  such  that  X(t)  is 

F^-measurable  and  o(X(u)-X(t)}  is  independent  of  for  every  u>t^0. 


THEOREM  4.1  .  For  each  real  process  F  e  LP  there  exists  an 

£  a  •  S  ■ 

E- valued  process  Y ( t )  ( denoted  /QF(s)dX(s))  with  sample  paths  in 
DgtO.oo)  such  that  for  each  x*  £  E*  and  t  e  TR+ we  have  that 


x*Y  ( t ) 


t 

F ( s)d( x*X( s ) ) 

0 


a .  s . 


Proof.  Without  loss  of  generality  we  can  assume  that 

T ( t )  *  |  I  F ( s )  |pds  » 

0 


a.s.  as  t  -*  ®.  For  each  x*  c  E*  the  process 


a(x*)x*X(t),  t  >  0,  where  a(x*) 


(f  |x*x|pm(dx))-1/p 


<  00 


and  a(x*)=0  otherwise,  is  a  real  p-stable  motion  (see  (3.1)).  By 
Theorem  2.2,  for  any  fixed  x*  c  E*,  the  real  processes 


Z  (t) 
x* 


(t) 

F ( s ) d ( x*X{ s  ) )  , 


0 


t  >  0,  and  x*X( t)  ,  t  >  0, 


have  the  same  finite  dimensional  distributions.  Moreover,  Zw*(t)  is 

x 

A^-measurabl e  and  the  increments  Zx*(t+h)-  Zx*(t),  h  >  0,  are  inde¬ 
pendent  of  A^ . 

Observe  now,  that  for  any  fixed  t  _>  0,  Z x * ( t ) ,  x*  r  E*,  is  a 
linear  process  on  E*,  equidistributed  with  the  linear  decomposable 
process  x*X(t),  x*  e  E*.  Therefore,  there  exists  an  E-valued  random 
vector  X(t)  such  that  for  each  x*  e  E*,  x*X(t)  =  Zx*(t)  a.s.  Also, 
by  the  above  remarks,  the  process  X(t)  is  (A^l-adapted  and  the 
increments  X(t+h)-X(t)  ,h  _>  0,  are  independent  of  At.  Therefore 
X(t),  t  >  0,  has  the  same  finite  dimensional  distributions  as  X(t), 
t  ^  0,  and  we  can  select  a  modification  of  X  (also  denoted  by  X)  with 
all  sample  paths  in  D^tO,®).  Hence  Y(t),  t  >  0,  defined  by  the 
formula 

Y(t)  «  X(t( t) )  , 


has  sample  paths  in 
the  formula 


x*Y(t) 


De[0,®)  and  satisfies,  for  any  x* 
t 

=  F ( s ) d ( x*X ( s) )  a.s. 

•*0 


E*  and  t  >  0, 


O.E.D. 


Remark.  The  above  construction,  with  obvious  modifications, 
works  for  an  E-valued  Brownian  motion  as  well. 

The  following  result,  besides  providing  moment  estimates  for  the 
integral  /F(s)dX(s),  shows  that  the  latter  exists  also  in  the  strong 
sense.  It  follows  immediately  from  the  construction  given  in  the 
proof  of  Theorem  4.1  and  from  Theorem  3.1. 

THEOREM  4.2.  If  C  grows  more  e  lowly  than  >P,  0  <  p  <  2,  then 
there  exist  positive  constants  c^  and  C2  depending  onlu  on  p,C,Ug 
and  q  such  that 


|(f  1 F(s) 1 Pds)  P 

<  EC 

fu 

sup  ||  F(s)dX(s) | | 

<C9EC 

t  -) 

(f  |F(s)|PdS>° 

1  j0 

u t  ^0 

c 

’  0 

C,E4  ( 


Proof  of  Theorem  3.1.  (cf.  [1]).  Clearly.it  suffices  to  prove 


that 

( A .  1 )  ClEU1/p)  <  E 4' ( X * ( t  - ) ) , 

and 

(A. 2)  E<t>(  X*(t  ) )  <  c2E4»(t1/p). 

To  obtain  (A.l),  it  is  enough  to  show  that  for  6>1  ,  6>0  andx>0 

P[t1/P  >  BX.  X*(t- )  <  5X]  <  c(B,6)PLt1/p>X], 

where  c(B,X)  +  0  as  either  B  +  ®  or  S  +  0  (see  Burkholder  (1973), 
Lemma  7.1;  the  assumption  4>(0)=0  is  not  necessary  in  this  case). 
Setting  a  *  Ap  and  b  =  (BA)P  one  obtains 

p[,1/p  >6A,  X*(t-)<6X]  =  P  [t  >b  ,  X  *  ( i  - )  <_  6Xj<P[i>a  ,  |  |  X(b)-X(a)  |  |<26> J 

«  P[T>a]P[||X(b)-X(a)||<25A] 

■  P[t1/p>X]P[||X(l)||<  — - T7F  ]  • 

(ep  -  i)  /p 

which  proves  (A.l). 

To  obtain  (A. 2),  we  define  an  {Af}-stopping  time 
o  *  inf  { t > 0 :  ||X(t  a  t) j j  >  X)  . 

Then  we  have  that 
P[X*(t)  >  BX,  t1/p  <  6X3  * 

»  P[X*(t)>6X.t1/p<6X.| | X(o) | |<fi]+P[|lX*(T)| |>BX.t1/p<6X,| |X(o)| |>f* 
*  I  +  J. 

Put  a  *  ( 6 X ) p .  For  C  >  2  we  have 


< 


a  <  t] 


I  =  P[X*(t)  >  6X,t1/p<0X,  |  | X(o ) | | 


<  P[sup  I  I  X  ( 0  +  t)  -  X(o)||>|^-  ,  C  <  T  ] 

t<a  c 


=  P[x*(a )  >  f^]  P  [o  <  t] 

1  2P  Cl |x(l)| I  >  |~]  ‘  P[X*{ t)  >  X] 
( 2  61  P 

- 2  [Fj  Ap (x)  PCx*(t*  > 


where  A_  ( X )  *  sup  XPP  [||X(1)||  >  x]  <  <*>. 

p  X>0 

Next,  we  obtain  an  estimate  for  J.  Note  that  if  n  is  the  Levy 
measure  for  X(l)  then 


c  m(dx)dr/r1+p  =  c.mfujp"1 R"p  =  CR"P, 
'(R,-)*U  P  p 


where  BR  is  the  ball  in  E  with  radius  R  and  center  at  0.  Let 

Y ( t )  -2  I(|  |AX(s)|  |  >  R), 
s<t 

where  AX(s)  is  the  jump  process  associated  with  X(s).  Then  Y(t)  is 
a  Poisson  process  with  parameter  n(Bp),so  that  Y ( t ) - t  n  (B^)  is  a 
martingale  (with  respect  {At>).  By  the  optional  sampling  theorem, 
for  every  bounded  (A  ^ }  stopping  time  t 

E  l  I ( | | AX( s) | |  >  R)  =  EY ( t )  =  n ( Bp ) Et 
s<t  K 

Let  Oj  *  o  a  t  a  a.  If  s<o^  <  o  a  t  then  | | A X ( s ) |  |  <  2X  by  defini¬ 
tion  of  o.  Hence,  if  R  >  2X  then 

P[ I | AX(o« ) | |  >  R]  -  E  I  I( ! ! AX{s) | |  >  R)  «  n(Bp)  E  o, . 

s<o  hi 

Since  o^  <  t  we  have  X*(t)  >  ||X(o^)|j,  and,  consequently,  for  B>o 

we  obtain  that 

0  *  P[X*(t)  >  BX , t  <  a,  | | X{ o)  |  |  >  ,  o  <  t] 

£  P[| |AX(o,) | 1  >  (f  -  1)X]  *  n(Bcg  )En 

(j-l  )  X 


• 


*  3P(f  -  l)'PP[||AX(o1)||  >  3X]  <  3P(|  -  irPP[!!X(o1)|]  >  >] 
<  3P(|  -  1)-pP[X*(t)  >  X]. 


Putting  together  estimates  for  I  and  J  we  get  that 

p[x*(-r)>ex]  <  p [ x* ( t )  >  ex,-r1/p<6x]  +  p[t1/p  >  <$>] 

<  c(8,6,p)P[X*(t)>X]  +  P[t1/P  >  n  X  ]  , 

where 

c ( S , 6 , p )  =  £-p[2p+1oPAp(X)  +  3p{^  -  1)’  ]. 
Therefore 


E4> (  8* 1  X*( t  ) )  =  $(0)  + 


P[X*( t )  >  BX]df(X)  < 


00  oo 

<  $(o)  +  c(e,6,p)  p[x*{ t )  >x]d$(x)  +  p[T1/p><u]d«>(x) 

J°  0 

<  c(8,6,p)  E$  (  X*{  x ) )  +  E<t(  6"1  T1  /P)  . 

If  8  >  Qq  and  6  <  then 


and 


E<J>  ( (  X*(  t  ) )  =  E«'(82'1X*(t))  <  cPqE«'(B'1X*(i)), 
E$(6"V/P)  <  c6"qE«(T1/p) . 


Finally,  we  obtain  the  inequality 

[c’Vq-c(e,A,p)]  EO(X*{t))  <  c6“qE»(r1/p) 


which  proves  (A. 2)  since  the  constant  on  the  left  hand  side  can  be 
made  positive  by  taking  8  large  enough  and  <5  small  enough  (remember 
that  q  <  p). 
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